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Оценивается влияние последовательности укладки слоев ламината на распределение полей 
деформаций и напряжений по его толщине. Ламинатные образцы состоят из слоев эпоксид­
ной смолы и стекловолокон, причем соотношение слоев с ориентацией волокон от 0 до 90с 
равно единице. Такое соотношение слоев использовалось при изготовлении ламинатов раз­
личной толщины. Описано напряженно-деформированное состояние многослойных ламина­
тов при линейном статическом нагружении с помощью конечноэлементных моделей стан­
дартных программных пакетов ANSYS 6.1 и LUSAS 15.3. Численное моделирование выпол­
нено для случая трехточечного изгиба ламината. Выполнен расчет материала в вязко­
упругом состоянии, основанный на принципе подобия. Результаты расчета методом конеч­
ных элементов хорошо согласуются с полученными в рамках классической теории лами­
натов. Для конкретных значений модулей вязкоупругости и распределения различных пара­
метров определена оптимальная последовательность укладки слоев применительно к дина­
мическим задачам для таких конструкций, как ламинатные рессоры для новых автомо­
бильных подвесных систем.
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In tro d u c tio n . Traditional isotropic and homogeneous m aterials offer a 
lim ited choice in terms o f degrees o f freedom to design high-performance 
structures. Composite m aterials offer the flexibility, lightweight characteristics 
and high-end performance required nowadays in all constructions sectors, like 
aerospace, ship building, railway structures and, more recently, automotive 
applications. Advanced composites show high stiffness characteristics along 
preferential directions, good fatigue resistance, no presence o f corrosion when the 
m aterial components are not metallic, complex shape forming and decreasing 
m anufacturing costs. Worldwide composite materials production is increasing at a 
6% rate each year [1-2]. M ore recent applications o f composite laminates are 
related to the design o f novel spring leaves for automotive suspensions, such for 
the case o f Renault m inivans and the new  Chevrolet Corvette.
The widespread use o f  composite laminates in different engineering fields 
involves the use, at design stage, or simplified formulas to speed-up the time to 
m arket o f  the product. However, some aspects o f  their behaviour under complex 
loading patterns are still insufficiently understood. The effect o f  the stacking layer 
sequence over the damage tolerance and fatigue the cross-ply laminates was 
studied by Bezazi et al. [3-5]. A  three-dimensional analysis by finite elements 
showed that the stacking sequence affects the loss rate o f energy [6]. The 
influence o f the stacking layer sequence for the case o f laminates (0m /9 0 n )s and 
(90n / 0n ) s was studied by Sun and Jen [7] and El M ahi et al. [8] using finite 
element analysis. The last authors evaluated the loss o f rigidity and energy in 
cross laminates during fatigue tests for tensile loading. A  macromechanical 
approach was also used by Tsau and Liu [9] to study the effect o f the stacking 
sequence over the stress distribution on the laminates. Using two methods of 
optimisation, the authors examined the optimal stacking for the symmetrical and 
non-sym m etrical laminates. Park et al. [10] m axim ized the resistance o f the 
composite laminates by using genetic algorithms to find the optimal stacking for 
various conditions o f loading and border. A  theoretical study was also carried out 
to optimise the design o f the plates symmetrically lam inated w ith regard to the 
orientation o f fibres and the thickness o f the layers [1]. In this work the authors 
showed that the optimal fibre orientation is single and independent o f the order o f 
stacking. Results were also obtained for the optimal thickness values o f  each 
layer. Tsai and Hahn [11] for the first time proposed the stacking sequences used 
in this work. However, they did not carry further analysis on the effects that these 
laminates have over the stress and strain field distributions in composite laminates 
under out-of-plane loading. This work is aimed at filling this gap, w ith the 
analysis o f  the effect o f the stacking layer sequence over the internal stress and 
strain distribution for these classes o f symmetric laminates, which are also 
denoted by ease o f manufacturing. Moreover, the uses o f  simplified engineering 
formulation for composite beams under three-point bending loading (typical, for 
example, o f  spring-leaf solutions) are benchmarked against analysis provided by 
two different commercial FE codes based on different element formulations. An 
evaluation o f the influence o f these particular stacking sequences over the 
complex flexural modulus (i.e., hysteretic damping) o f the composite laminate 
following a simplified beam  formulation is also carried out. The rationale o f this 
analysis is based on the importance that the m aterial damping can provide to 
optimise the design o f composite-based springs for suspension applications.
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M ateria ls  an d  Sim ulations.
M a te r ia ls . Figure 1 shows the different types o f cross-ply laminates 
considered, the ST 1 (O4 / 9 O4 ), ST 2 [ ( 0 ^ 9 0 2 )s ]s , ST 3 , and ST 4
[(0 /90)4^. The laminates were manufactured using glass fibres and epoxy resin, 
having all as m any plies oriented at 0o as those oriented at 90o. The laminate 
components are provided by SICOM IN plc; their principal characteristics being 
given in [4]. The laminates were subjected to tensile tests using an universal 
monotonic hydraulic Instron 8516 tensile m achine w ith 100 kN  o f load capacity. 
Five tests were carried out for each laminate at a feed rate o f 2 mm/min. The 
values m easured for the in-plane m echanical orthotropic properties are: B L =  (34 
to 37) GPa, E T =  (8.5 to 9.0) GPa, v l t  =  0.25 and G l t  =  (4.4 to 5.5) GPa, 
where: E l  , E t  , v l t  ,an d  G l t  are, respectively, the longitudinal and transverse 
Young’s modulus, the in-plane Poisson’s ratio, and in-plane shear modulus.
ST 1 ST 2 ST 3 ST 4
Fig. 1. Laminates considered in this work.
H o m o g e n e o u s  B e a m  M o d e l. The m echanical behavior o f the laminate beam 
can be identified using a simplified approach [12]. Considering a special 
orthotropic linear elastic material, H ooke’s law can be expressed as
0 11 Q 11 Q 12 0 £ 11
22
to = Q 12 Q  22 0 £ 22 . ( 1)
6 6 . _ 0 0 Q  6 6 . _£ 6 6 .
The in-plane stiffness constant Q  j  can be formulated in terms o f in-plane 
Young’s m oduli and Poisson’s ratio:
E L E T
Q 11 =  E  , Q  22 =  E T Q 11,E T 2 E L
1 _  E  V LT (2)
E L
Ö 12 =  v l t Q i i , Q 66 =  G LT
Using a structural reference frame [12], Eq. (1) becomes:
0 xx Q11 Q 12 0 ' ^ xx
0 y = Q 12 Q22 0 £ yy . (3)
O  xy _ 0 0 Q66. y  xy
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Introducing the classical matrix notation A, B, and D , one can identify the 
relation between in-plane forces and bending moments versus the tensile strain 
and curvature of the m edium  (neutral) plane of the laminate:
A  B  
B  D IC; (4)
where
A ij =  ^ ( h k h k - \ ) (Q 'ij ) k ■ (5)
k=l
m
1 n
B j  =  2 S ( h l  -  h h ) ( Q i j ) k ,
'k=1
1 n
D ij =  3 S ( h i  -  h h ) ( Q [ j )k .
(6)
(7)
k=1
W hen the coupling matrix B  is non-zero, an in-plane load on the laminate 
plate can lead to a transversal displacement having the same magnitude o f the 
in-plane one. The expressions o f the in-plane stresses can be therefore rewritten 
using the external bending m om ent M  and inertia m om ent I  (rectangular 
section) as
M
(8a)o  ic  = zaXx I
k k M  
o  yy = z a y y ~ T (8b)
k k M  o  I v = za kv — ,xy xy I (8 c)
where
a xx =  (Q 11D 11 +  Q 12 D 12 +  Q 16 D 16) 1 2
akyy = ( Q n  D 11 +  Q  22 D 12 +  Q  ^  D 16) 12
(9)
aXy = ( Q 16 D *1 +  Q  26 D *2 +  Q  6k6 Dj*,) —
Equations (9) are valid only away from the edges o f the laminate for beam 
having aspect ratios b /h  higher than 16 [12]. In that case, the shear stress through 
the thickness at position z  under a shear loading Q  can be expressed as
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3Q
° xz 2bh
1 —4 , h (10)
W ith the m aximum shear stress at z  =  0:
3Q
o  ( z =  0) =  r  0 =  —— . 
^  7 0 2bh (11)
Equation (10) is therefore rearranged as
(12)
where d k are num erical constants to be determined assuming the continuity of 
o xz through the beam thickness.
For a beam  o f length L  subjected to three-point bending the stresses for the 
k th  layer can be written as
P
o  Xxx = ~ 6a x x T 7 J  x z ,
o  t ,  = —6a .
b h 3 
P
O kxy = —6a
b h 3 
P
x y b h ï
(13)
xz.
The m aximum stresses occur at half-length o f the beam, i.e..
o k ~ ~ 3 a ^  P  z
k o ko  yy = — 3 a
b h : 
P
b h 3
o k =  —3 k P
O xy = 3 a xy bh  3
(14)
For the case o f an homogeneous isotropic material (axx =  1), the normal 
stress can be rewritten as
k
O xx =
3PL  
bh  '
z . (15)
W ith the m aximum norm al stress being
O xx max O 0
3P L  
2bh  2
(16)
2
z
z
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Following (15) and (16), the norm al stress for each lamina can therefore be 
expressed as
(17)
The constants c k in each layer are determined zeroing the stress a xz on the 
lower and upper skins and assuring continuity o f a xz across the laminate, 
obtaining therefore for the case o f a homogeneous material:
0 xz 8 / i - 4 i  h
Q
2bh i - 4 i  h
(18)
The m aximum shear stress is given by
3Q
o  ( z -  0) - r  0 - —— . xz 0 2bh (19)
Inserting Eq. (19) in (12) one obtains, for a homogeneous material
>2'
0  xz -  r  0 i - < (20)
For a beam w ith equivalent homogenous and isotropic material the stress 
a  xx for each layer can be expressed as
o  xkx - ­xx
3PL  
bh  '
z . (21)
W ith the m aximum stress being equal to
3P L
' ° -  b h 2
(22)
F le x u r a l  C o m p le x  M o d u lu s . The elastic-viscoelastic correspondence principle 
was first applied by Hashin [13] in the case o f fibre-reinforced composites. The 
complex modulus approach considers a harmonic time variation o f the applied 
stress and strains in the following form:
£( t ) - £ 0 e imt (23)
o ( t ) -  [C ( ® ) f  £ 0 e imt, (24)
• .  . . .  . .  
where [C(w)] is the complex stiffness matrix obtained using the viscoelastic
reciprocity principle. The effective complex flexural modulus for a laminate beam 
can therefore be expressed with the following formulation [14]:
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* 12 
E f = V D f ’ <25>
where the flexural complex modulus can be divided into real and im aginary part:
E f  = E f  (1 +  % f  )> (26)
where ^ f  is the loss factor for the flexural modulus. Considering curvature- 
moment corrections [15], the effective complex flexural modulus can be expressed 
as
E  fe = ---------------------E  f . (27)
fe ( D f , 1) 2 f
1 -  1 1*  *  
D 11 D  66
F in ite -E le m e n t S im u la tio n s  -  S ta t ic  T h re e -P o in t B e n d in g  L o a d in g . The
finite-element (FE) simulations o f the three-point bending loading have been 
performed using the SHELL93 elements o f the commercial code ANSYS 6.1, and 
the QTS8 element from the code LUSAS 13.5. The latter code uses a Total 
Lagrangian formulation for medium and thick shells, which is based on the 
degeneration o f a 3D continuum. In this approach, the displacements at any point 
in the shell are defined by the translation o f the reference surface together with 
the rotation o f a director. The director is subsequently referred to as the normal, 
however, the director need not be initially normal to the reference surface. The 
normal is considered to remain straight during deformation for computation o f 
displacements through the element thickness. The quadrilateral element QTS8 
adopts an assumed strain field for interpolation o f the transverse shear strains. The 
inclusion o f an assumed strain field prevents the element from ‘shear locking’ 
when used as a thin shell. The SHELL93 ANSYS element has normal to the 
centre-plane assumed to remain straight after deformation, but not necessarily 
normal to the centre-plane itself. Also, SHELL93 element has no significant 
stiffness associated w ith rotation about the element normal axis. A  nominal value 
o f stiffness is present, however, to prevent free rotation at the node. For the 
three-point bending case, the specific geometry on the beams and the stacking 
sequences layouts allow to model only 1/8th o f the beam itself (Fig. 2). Therefore, 
only 8 laminas are modelled, each consisting o f 3 orthotropic layers having single 
thickness o f 0.0833 mm. Both for the ANSYS and LUSAS models, the mesh 
consisted in 525 elements with 6 DOFs per node. The calculations were performed 
on an Windows-based PC with 2 GHz o f processor and 1 GB o f RAM.
R esults and  Discussions. Figure 3 shows the comparison between the stress 
ratio a a  0 for the different stacking sequences considered, calculated dividing 
Eqs. (21) and (22), and using the FE simulations as well as results from the 
classical laminate theory (CLT). It is evident from the figures that the use of 
approximate design formulas (21) and (22) leads to averaging the stresses over 
the thickness w ith a linear variation, therefore introducing considerable errors
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com pared to the FE simulations and the CLT predictions. The maxim um  values 
for a xx/ a o are for the laminate ST4 [(0/ 9 0 ) 4  ]s (Fig. 3d), the one presenting the 
lower num ber o f layers w ith the same orientation. The other laminates are 
classified following the num ber o f layers possessing the same orientation: ST 3 
[ (02/902 ) 2 L , ST 2 [(02/9 0 2 )s ]s , and ST 1 [(O4 / 9 O4 )].
Plan yz
Fig. 2. Laminate beam under three-point bending loading.
Figure 4 shows the variation o f stresses a  I  a  0 over the thickness o f the 
laminates. The stresses are maxim um  a the interface w ith the layers oriented at 
zero degrees, with positive values for lam ina at 0° and negative at 90° of 
orientation. It is noteworthy that the values are decreased by a factor o f 20 
compared to the stresses a xx/ a 0 illustrated before.
Figure 5 shows the ratio a x z / a 0 o f through the laminates thickness. The 
maximum values lie on the axis o f symmetry o f the laminate, corresponding to 
the neutral plane o f the composite. The ANSYS FE m odel follows closely the 
homogeneous beam model, offering higher discrepancies with the CLT predictions 
for the laminates ST4 and ST3. The laminates w ith the lowest num ber o f plies 
having the same orientation offer the lowest values o f the shear stresses.
Figure 6  shows the strain fields £ xx and £ yy for the four laminates. The 
values o f £xx are positive, while the £ yy ones are negative. Both strain fields 
provide a linear variation through the thickness o f  the laminates from 0  at the axis 
o f symmetry to maxim um  values at the ends o f the composite beams. The strain 
fields are more important in terms o f magnitude for the laminates with the highest 
num ber o f equal orientation plies. The average ratio between £ xx and £ yy strains 
is 1 0 .
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axxl °0 a xx/ a  0
°xx/ a0 axxla  0
Fig. 3. Through-the-thickness stress ratio axx/a 0 distribution for the different laminates.
a yy, MPa a yy, MPa
£0 -40 -20 1\ st ‘ 
\
/  ' '
/ /  ”
0-5- \
142
b z/h
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a yy, MPa a yy, Mpa
Fig. 4. Through-the-thickness stress a  distribution for the different laminates.
a xz I T 0 a xz IT 0
a xz IT 0 a xz I T 0
Fig. 5. Through-the-thickness stress ratio axzj т0 distribution for the different laminates.
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z/h
Fig. 6. Evolution of strain fields through the thickness of the laminates.
Table 1 shows a comparison between the storage modulus and loss factors 
for the four lam inates considered. The loss factors are all confined between 1.66 
and 1.70%, with no significant dependence o f the loss modulus versus the 
stacking sequence topology. On the other hand, the storage modulus o f laminate 
ST1 is significantly higher (50.4 GPa) compared to the one o f ST3 (46.6 GPa) 
and ST2 and ST3 (44.6 GPa). In view o f possible applications as spring leaf 
devices, if  lower natural frequencies are sought, the ST3 laminate seems to offer 
the best compromise in terms both o f viscoelastic properties and through-the- 
thickness stress and strain distributions. Moreover, the ST3 laminate has been 
experimentally proven as the best suited for three-point bending fatigue loading 
[4]. The laminate ST1 and ST3 provide also the lowest m aximum norm al stresses 
and strains through-the-thickness, an interesting feature for structural integrity- 
oriented applications.
a
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T a b l e  1
Storage Modulus and Loss Factors for the Various Laminates
Laminate Flexural storage modulus (GPa) Loss factor (%)
ST1 50.4 1.66
ST2 44.6 1.70
ST3 46.6 1.68
ST4 44.6 1.70
Conclusions. A  finite element m ethod is used to analyze the influence o f the 
stacking sequence on the distributions o f the stress and strain fields o f specific 
cross-ply laminates in linear three-point bending. The analysis o f the results 
obtained shows that the distribution o f the stress depends on the type o f stacking 
sequence, and that the homogeneous beams formulations used at initial design 
stage need to be backed by more refined analysis to determine accurate stress and 
strain fields. Stress o xx and strain є xx are m ost significant; the former being 
almost 20 times larger than the o  yy ones, while the latter are 10 times more 
significant than the strains є yy. The m axim um  stresses (o xx and o  yy) are located 
at the extremities o f the laminates, and this is the same for the maximum 
deformations (єxx and є yy). On the other hand, the m aximum shear stress o xz 
are localized in the m iddle o f the beam. Using the reciprocity principle in 
viscoelasticity and the complex modulus approach, the various laminates provide 
comparable loss factor values lower than 2% and, apart one specific case of 
laminate, comparable storage flexural modulus.
Р е з ю м е
Оцінюється вплив послідовності укладання шарів ламіната на розподіл 
полів деформацій і напружень по його товщині. Ламінатні зразки склада­
ються із шарів епоксидної смоли і скловолокна, при цьому співвідношення 
шарів з орієнтацією волокон від 0 до 90° дорівнює одиниці. Таке співвідно­
шення шарів використовувалося при виготовленні ламінатів різної товщини. 
Описано напружено-деформований стан багатошарових ламінатів при ліній­
ному статичному навантаженні за допомогою скінченноелементних моделей 
стандартних програмних пакетів ANSYS 6.1 та LUSAS 15.3. Числове моде­
лювання виконано для триточкового згину ламіната. Проведено розрахунок 
матеріалу у  в ’язко-пружному стані, що базується на принципі подібності. 
Результати розрахунків методом скінченних елементів добре узгоджуються 
з отриманими у  рамках класичної теорії ламінатів. Для конкретних значень 
модулей в ’язко-пружності і розподілу різних параметрів визначено послі­
довність укладання шарів стосовно динамічних задач для таких конструк­
цій, як ламінатні ресори для нових автомобільних підвісних систем.
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